The contribution of exclusive radiative tail to the cross section of semi-inclusive deep inelastic scattering has been calculated for the first time. Although the experience of inclusive data analyses suggests us that the contribution of radiative tail from the elastic peak is of particular importance, similar effects in the semi-inclusive process were ignored before. The explicit expression for the lowest order modelindependent contribution of exclusive radiative tail to the five-fold differential cross section is obtained and discussed. Numerical estimates provided within Jefferson Lab kinematic conditions demonstrate rather large effects of the exclusive radiative tail in the region at semi-inclusive threshold and for high energy of detected hadron.
Introduction
The Semi-Inclusive Deep Inelastic Scattering (SIDIS) of a lepton on the nucleon represents an important tool for studying strong interaction. The possibility of representing the SIDIS cross section as a convolution of the virtual Email addresses: igor.akushevich@duke.edu (I. Akushevich), ily@hep.by (A. Ilyichev), osipenko@ge.infn.it (M. Osipenko).
photon absorption by the quarks inside the nucleon and the subsequent quark hadronization allows one to investigate these mechanisms separately. A SIDIS experiment provides not only complete information on the longitudinal parton momentum distributions available in inclusive deep inelastic scattering (DIS) experiments, but also an insight on the hadronization process and on parton orbital momenta.
It is well known that SIDIS events are altered by the real photon emission from the lepton and hadron legs as well as by additional virtual particle contributions. Due to i) the fact that most of the outgoing particles in SIDIS remain undetected and ii) the finite resolution of experimental equipment, not all events with the real photon emission can be removed experimentally. Moreover, the contribution of events with an additional exchange of virtual particles cannot be removed at all. As a result the measured SIDIS cross section includes not only the lowest order contribution which is the process of interest ( Fig. 1 (a) ), but also the higher order effects whose contribution has to be removed from the data. Since the latter cannot be extracted by experimental methods, the corresponding radiative corrections (RC) have to be calculated theoretically.
The primary step in the solution of the task on RC calculation in the lepton nucleon scattering assumes the calculation of the lowest order model independent correction, i.e., the part of the lowest order correction that includes real photon emission from lepton leg as well as the additional virtual photon between the initial and final leptons and the correction due to virtual photon self-energy. There are two basic reasons for why other types of RC, such as boxtype contribution or real photon emission from hadrons, are less important. The first is that these corrections do not contain the leading order contribution which is proportional to the logarithm of the lepton mass, and therefore, their contribution is much smaller comparing to the model independent RC. The second is that the calculation of these effects requires additional assumptions about hadron interaction, so it has additional pure theoretical uncertainties, which are hardly controlled.
In the very first detailed SIDIS experiments [1] RC were unknown and Monte Carlo simulations based on the approach from Ref. [2] were used to correct the data. The results of the Monte Carlo method however, have not been tested so far against the direct calculations of radiative effects. Meanwhile most experiments at high energies measured the one-dimensional multiplicities [3] and totally neglected RC contribution within their precision for equipment with muon beams [4] .
The calculations of the lowest order model independent RC to SIDIS cross sections were performed in Refs. [5, 6] using Bardin-Shumeiko covariant approach [7] . In the Refs. [5] the radiative effects were calculated for the three- dimensional cross section of unpolarized and polarized SIDIS (target and lepton were longitudinally polarized) and the FORTRAN code for numerical estimates was provided as a patch (named SIRAD) to POLRAD code [8] . In the Ref. [6] RC for the unpolarized five-dimensional cross section have been computed and FORTRAN code HAPRAD has been developed. However in both papers, RC do not include the contribution of the radiative tail from the exclusive reaction at the threshold. In inclusive DIS experiments, analogous effects from the elastic radiative tail [9] give important contribution to observable cross section and, moreover, there exist kinematic regions (e.g., high y or Q 2 while x is small), where this contribution is dominant. This additional term of RC to SIDIS has not been investigated until now.
In the present article the contribution of the lowest order part of modelindependent RC to SIDIS that correspond to exclusive radiative tail is calculated for the first time. This is done using the approach from Ref. [10, 11] and notations from Ref. [6] . The RC are calculated for complete five-dimensional cross section which is currently under studies in a wide kinematics region at Jefferson Lab [12, 13] . The technique of exact calculation of the lowest order RC (over α) is used in this paper. The accuracy of the calculation is defined by accuracy of numerical integration, which is easily controlled.
The rest of the paper is organized as follows. In Section 2 we define kinematics of the investigated processes, obtain explicit expressions for the contribution of exclusive radiative tail to the five-dimension cross section of SIDIS, and investigate its analytical properties considering the limit when only soft photons are emitted. Some numerical results within the kinematic condition of the modern experiments on SIDIS are presented in Section 3. Brief conclusions are presented in Section 4. Some explicit expressions allowing for the presentation of the results in closed form are given in Appendix.
Kinematics and explicit expressions
Feynman graphs giving the lowest order and the model-independent part of the exclusive radiative tail contributions to SIDIS cross section are shown in Fig. 1 (b,c) . The radiative tail is generated by the real photon emission from the lepton leg accompanying the exclusive leptoproduction:
Following the notations of Ref. [6] we call measured in the final state hadron h, which is observed in coincidence with the scattered lepton l ′ . The second hadron u that completes the exclusive reaction remains undetected. Here k 1 (k 2 ) is the four-momentum of the initial (final) lepton (k
, and k is the emitted real photon four-momentum (k 2 = 0).
The set of variables describing the five-dimensional SIDIS cross section can be chosen as follows:
where q = k 1 − k 2 and φ h is the angle between (k 1 , k 2 ) and (q, p h ) planes in the target rest frame reference system (p = 0).
For description of the real photon emission we will use the following three variables:
where φ k is the angle between (k 1 , k 2 ) and (q, k) planes in the target rest frame reference system.
We also will use the following invariants:
The explicit expressions for a 1,2,k , b and b k coefficients can be found in Appendix B.
It is also useful to define the non-invariant quantities describing of the detected hadron such as an energy E h , longitudinal p l and transversal p t three-momenta in respect to the virtual photon three-momentum in the rest frame via invariants in a following way:
Here ν is a virtual photon energy.
Apart from the commonly accepted p 2 t we will use the variable t. This is dictated not only by the fact that t is Lorentz invariant but also by the necessity to distinguish the forward and backward hemispheres, mixed in the p 2 t -differential cross section. At intermediate energies of Jefferson Lab, the contribution of backward kinematics is significant, in particular for heavy hadrons. This backward kinematics is related to the target fragmentation mechanism described in terms of fracture functions [14] . Also one can notice that p 2 t -differential cross section is divergent in the completely transverse case p l = 0 making difficult numerical integrations 1 .
According to Eq. 33 of Ref. [11] the contribution of the one-photon emission from the lepton leg to the exclusive hadron leptoproduction cross section can be presented as the integral of the squared matrix elements described by Fig. 1  (b,c) over the inelasticity v = (p + q − p h ) 2 − m 2 u and the photon solid angle. Integration in this case is three-fold, because the measured exclusive cross section is four-dimensional and the cross section with emission of one additional photon is seven-dimensional. However, when we consider this contribution to the five-dimensional SIDIS cross section, one photonic variable is fixed by measurements, and the contribution has a form of two-dimensional integral. Specifically, we use the inelasticity v (or variable R which is proportional to inelasticity) for such a photonic variable which is related to the observed variables of SIDIS scattering and the other two unobserved photonic variables (τ and φ k ) as
1 See Fig. 2 and comments after Eq. 23 for details.
and therefore
As a result, the calculation of the exclusive radiative tail contribution requires numerical integration over only two unobserved photonic variables: τ and φ k .
The cross section responsible for the modern-independent part of the exclusive radiative tail (see Fig. 1 (b,c) ) is given by
The squared matrix element M 2 R can be presented as a convolution of the leptonic and hadronic tensors. The former has well-known structure:
The latter can be presented in a following covariant way:
where
and the structure functions H i are combinations of the exclusive photoabsorption cross sections given in Appendix A. As a result the squared matrix element reads:
Combining Eqs. 8 and 12 we obtain the contribution of the exclusive radiative tail to SIDIS cross section:
The structure functions H i depend on shifted kinematic variables modified with respect to ordinary ones by the real photon emission:
The integration limits over τ are given by τ min,max = (S x ± λ q )/2M 2 . Quantities θ i (τ, φ k ) have the following form:
where F IR , θ i2 and θ i3 are defined in Appendix B and
If we restrict our consideration in Eq. 13 only by soft photon emission the result has to be proportional to the lowest-order (or Born) contribution to exclusive cross section with the coefficient independent of the type of considered process. To obtain this well-known relation between soft-photon emission and the Born contributions to the cross section for our (exclusive) process, it is necessary to integrate Eq. 13 over z and keep only the photons with energy ω in the limits ω min ≤ ω ≤ ω max ≪ all energies and masses. Corresponding Born contribution reproduces the cross section of exclusive leptoproduction and is expressed in terms of the coefficients (16) and the structure functions H i :
The integration variable z and the photon energy in the lab. frame are related as
while limit z 0 corresponds to the situation when the photon energy is equal to zero:
Therefore taking into account
2 ), finally we obtain the sought equality in the form:
or, in the limit m → 0,
Numerical Results
To understand the impact of the obtained exclusive radiative tail in SIDIS we developed FORTRAN code for these corrections and made a few numerical estimates. The code is using the parameterization of photoabsorption cross sections taken from MAID 2003 [15] and extrapolated to higher W and Q 2 by means of the fit from Ref. [16] .
Most recent experiments measuring SIDIS being performed at Jefferson Lab. In particular, the large acceptance of CLAS detector allows for extracting of the information about the five-dimension SIDIS cross section in a rather wide kinematic region that covers almost the whole z-range as well as the entire φ h -range. In this section we present some numerical results for five-dimension SIDIS cross section in CLAS kinematic conditions.
Before starting numerical estimates let us consider t-dependence of p electron-proton scattering. The upper t-limit corresponds the maximum value of the detected hadron longitudinal momentum p l :
while the lowest one at low energy is given by the SIDIS threshold
where m π is a pion mass. Remarkable feature of this plot is that the curve z = 0.1 crosses the point where p l changes the sign and both positive and negative values of p l give the same p t . As it was mentioned above, due to the common denominator |p l | the p 2 t -differential SIDIS cross section at this point diverges.
To estimate the value of RC let us introduce radiative correction factor in the following way
where σ obs (σ B ) is the radiatively corrected (Born) five-dimensional cross section of the semi-inclusive hadron leptoproduction.
Obtained formulae can be applied for any hadron leptoproduction that is observable in the lepton-nucleon scattering. However we restrict our numerical studies to the case of π + production in electron-proton scattering. Examples of RC factor including the exclusive radiative tail contribution are shown in Figs. 3 and 4.
It should be seen in Fig. 3 that the exclusive radiative tail contribution at small z is negligible and rapidly increases with growing z near SIDIS threshold when t → t min . Such behavior appears from the first term in Eq. 15 due to smallness of the common denominator R defined by Eq. 7. The main contribution to the integral in Eq. 13 comes from the integration region at the lower limit over τ where shifted transferred momentum square that is one of argument of the structure function reaches its minimal value. Contributions from so-called collinear region: τ = τ s = −Q 2 /S and τ = τ x = Q 2 /X, when the real photon is emitted along momentum of the initial (final) lepton, are less important. This structure of contributions is typical for exclusive processes and, in particular, in full analogy with radiative tail from elastic peak in DIS [17, 18] .
From the other hand the absolute value of the exclusive radiative tail is increasing with growing the invariant t (or missing mass of the detected leptonhadron system). Fortunately, the SIDIS cross section is rising with t much faster making the relative contribution of the exclusive radiative tail negligible at large t. Meanwhile, from Fig. 3 it can be clearly seen that at small t i.e. close to the threshold the situation changes to the opposite and the exclusive radiative tail exceeds the SIDIS cross section.
Moreover, one can see on Figs. 3 and 4 that the exclusive radiative tail significantly modifies the φ h distributions at middle t distorting usual A+B cos φ h + C cos 2φ h behavior. The bump structures in the exclusive tail contribution seen in Fig. 3 are due to the contribution of nucleon resonances in the MAID parameterization.
The calculated contribution of the exclusive radiative tail in SIDIS is very important in the region of small t and close to the threshold. This contribution modifies φ h -asymmetries of SIDIS cross section and therefore has to be accounted for in extraction of azimuthal moments.
Conclusions
The exclusive radiative tail contribution to complete five-fold differential unpolarized SIDIS cross section has been calculated for the first time. FORTRAN code for the numerical estimation has been developed.
Performed numerical analysis has shown that:
• the exclusive radiative tail contribution at small z is negligible and rapidly increases with z near SIDIS threshold; • the calculated contribution of the exclusive radiative tail in SIDIS is very important in the region of small t and close to the threshold; • this contribution modifies φ h -asymmetries of SIDIS cross section and therefore has to be accounted for in extraction of azimuthal moments.
The present approach is very general and can be extended to other SIDIS reactions providing knowledge of the exclusive reaction cross section at the threshold.
